Arguably, the most popular candidate for Dark Matter (DM) is a massive, stable, Majorana fermion. However, annihilation of Majorana DM to two fermions often features a helicity-suppressed s-wave rate. Radiating a gauge boson via electroweak (EW) and electromagnetic (EM) bremsstrahlung removes this s-wave suppression. The main purpose of this talk is to explain in some detail why the branching ratio Br(→ ff ) is likely suppressed while Br(→ ff + W/Z/γ) is not. In doing so, we investigate the general conditions for s-wave suppression and un-suppression using Fierz transformations and partial wave expansions.
rate can be written as vσ = a + v 2 b + · · · , where the constant a comes from s-wave annihilation, while the velocity suppressed v 2 b term receives both s-wave and p-wave contributions.
From standard statistical mechanics arguments, one has the relation v 2 ∼ 6 T dec
Mχ (1 +
3 2
T dec
Mχ ), where T dec is the decoupling temperature of the DM particle. Simulations reveal that decoupling occurs at T dec /M χ ∼ 1/20 to 1/50; the resulting v 2 is therefore ∼ 0.1 to 0.3, which is semi-relativistic. Consequently, the p-wave contribution in a + v 2 b ∼ 3 × 10 −26 cm 3 /s is velocity-suppressed by at most a factor of 0.1 at DM decoupling in the Early Universe. Today, v∼ 300 km/s ∼ 10 −3 c in galactic halos, so the p-wave contribution is highly suppressed by ∼ 10 −6 and only the s-wave contribution is expected to be significant. However, as we have mentioned, in many DM models the s-wave annihilation into a fermion pair χχ → ff is helicity suppressed by a factor (m f /M χ ) 2 (so that among the SM ff states, only →tt modes remain of potential interest [10] ). Alternatively, Majorana DM requires artificially large "boost" (a new variety of fudge?) factors today to produce observable annihilation signals for indirect DM detection. These boost factors may be astrophysical, such as sub-clustering of the DM, or they may arise from particle physics, like the "Sommerfeld enhancement" of annihilation if the DM pair enjoys certain resonance behavior. Although not ruled out, these boost factors seem to be a contrivance.
These two suppressions, mass/helicity for the s-wave and velocity for the p-wave, are quite general. The helicity-suppression of the s-wave amplitude applies not only to neutralino DM → ff, but to all Majorana fermion DM. The velocity-suppressed p-wave applies to all DM, Majorana or otherwise.
It is becoming increasingly appreciated that if the light fermion pair is produced in association with a gauge boson, then the spins of the final sate can match the s-wave angular momentum requirement without a helicity flip. Thus, there is no s-wave mass-suppression factor for the 2 → 3 process χχ → ff+ gauge-boson. This unsuppressed s-wave was first calculated in 1989 for the photon bremsstrahlung reaction χχ → ffγ [11, 12] , where the photon is radiated from one of the external particle legs (final state radiation, FSR) or from a the virtual mediator particle η (internal bremsstrahlung, IB). Gauge invariance requires inclusion of both contributions. On the face of it, the radiative rate is down by the usual QED coupling factor of α/4π ∼ 10 −3 . However, and significantly, photon bremsstrahlung can lift the helicity suppression of the s-wave process, which more than compensates for the extra coupling factor. This un-suppression due to photon bremsstrahlung has been well examined in recent publications [13] [14] [15] [16] . (If the dark matter annihilates to colored fermions, radiation of a gluon would also lift the helicity suppression.)
The importance of electroweak radiative corrections to dark matter annihilation was recognized more recently. Electroweak bremsstrahlung was investigated first in the context of cosmic rays [1, [17] [18] [19] [20] [21] [22] , and the possibility of W/Z bremsstrahlung to lift initial-state velocity and final-state helicity suppressions was alluded to in Refs. [1, 21] but not explored. We recently noted the unsuppressed s-wave in the context of χχ → ff + W/Z [2]. We had anticipated this result in our earlier paper [1] with the statement "It seems likely to us that this 2 → 3 rate [i.e., EW bremsstrahlung] for the radiatively corrected s-channel axial-vector exchange will exceed the helicity-suppressed 2 → 2 rate
) 2 , which is many orders of magnitude." In [3], we calculated some signature channels for indirect detection of DM χ's. In particular, we made the point that although the χχ → 2 process can be tuned by fiat to suppress antiproton production, the 2 → 3 EW process will necessarily produce an antiproton signal via the production and hadronic decay of the W and Z. As a result, the experimental upper limit on the cosmic antiproton flux provides a meaningful constraint on Majorana DM [3], which we present and discuss at the end of this talk. In [4], we provided further details on the unsuppressed rate of W/Z-bremsstrahlung, and we showed the conditions under which this process becomes the dominant annihilation channel. Following that paper, we examined the signal-to-background for the crossed process parton+parton→ χχ+mono-Z, which is relevant for the DM search at the LHC [23] . The dominance of the helicity-unsuppressed ff W/Z channel has also been elaborated upon in Refs. [24, 25] . The diagrams contributing to EW bremsstrahlung are shown in Fig. 1 for the t-channel, and Fig. 2 for the u-channel.
There are a few important distinctions between electromagnetic (EM) and electroweak (EW)
bremsstrahlung. An obvious one is that EM bremsstrahlung produces just photons, whereas EW bremsstrahlung and subsequent decay of the W or Z leads to leptons (including positrons), hadrons (including antiprotons) and gamma rays, offering correlated "multi-messenger" signals for indirect dark matter searches. This is an important result for future DM searches. Another distinction between EW and EM bremsstrahlung is that in the former the massive W/Z's have a longitudinal mode not available to the photon. I will allude to recent work [26] on the longitudinal mode later in this talk.
On the experimental astrophysics front, the PAMELA balloon has observed a sharp excess in the e + /(e − + e + ) fraction at energies beyond approximately 10 GeV [27] , without a corresponding excess in the antiproton/proton data [28] , while the Fermi satellite [29] and ground-based HESS [30] have reported more modest excesses in the (e − + e + ) flux at energies of order 1 TeV. New astrophysical sources are thought to ultimately be the mechanism behind the positron data (see, e.g., [31] ).
However, DM annihilation in the Galactic halo has been advanced as an alternative explanation for the positron excess. Many of the popular models proposed to explain the positron excess invoke Majorana DM. But as we argued above and develop below (by means of a Fierz transformation of amplitudes into s-channel partial waves), annihilation of Majorana DM to a SM fermion pair is helicity-suppressed in the s-wave and velocity-suppressed in the p-wave. We will also argue below that if DM annihilation were "boosted" to reproduce the PAMELA positron signal, then the DM could not be Majorana fermions lest the same annihilation overproduce an antiproton signal.
In the rest of this talk, I will detail the story of the suppressed Majorana DM annihilation channel to ff, and the unsuppressed channel to ff + W/Z. I will sometimes denote the light fermions as leptons ℓ and ℓ, since the leptophilic model of DM annihilation is quite popular.
For M χ ≫ M W , a mode that dominates neutralino annihilation in SUSY is χχ → W + W − . However, the direct coupling of SU(2)-singlet DM to the SU(2)-triplet W/Z is precluded by weak isospin addition, unless one introduces a new iso-triplet fermion. I introduce no such particle, and I assume that the Majorana DM is gauge-singlet, in which case the χχ → W + W − mode is very suppressed.
II. HELICITY AND v 2 SUPPRESSIONS EXPOSED
In this section, we first present the needed pieces of machinery to elucidate helicity and velocity suppressions, and then we put these pieces together to make general conclusions for Majorana DM.
A. C, P, and T Constraints on Majorana Fermions
The discrete symmetries C, P , and T , and angular momentum place constraints on fermion negative energy states) as particle and antiparticle then leads directly to opposite intrinsic parity for the particle-antiparticle pair. In the Majorana case, the fermion has intrinsic parity ±i, and so the two-particle state has intrinsic parity (±i) 2 = −1.
On general grounds, the L th partial wave contribution to the annihilation rate is suppressed as v 2L , where v is the relative velocity between the heavy, non-relativisticχχ pair. Thus only the L = 0 partial wave gives an unsuppressed annihilation rate for DM in today's Universe.
The general rule for charge-conjugation (particle-antiparticle exchange) is C = (−) L+S . The origin of this rule is as follows: Under particle-antiparticle exchange, the spatial wave function Consider the L ≤ 2 states. In spectroscopic notation (2S+1) L J and spin-parity notation (J P C ), the vector 3 S 1 (1 −− ), C-odd axial vector 1 P 1 (1 +− ), and assorted 3 D J (J −− ) states are all C-odd and therefore disallowed for a Majorana pair. The pseudo-scalar 1 S 0 (0 −+ ), scalar 3 P 0 (0 ++ ), axial vector 3 P 1 (1 ++ ), C-even tensor 3 P 2 (2 ++ ), and pseudo-tensor 1 D 2 (2 −+ ) are all C-even and therefore allowed. In particular, the sole L = 0 state, with no v 2L suppression, is the pseudo-scalar
Incidentally, at threshold, defined by s = (2M χ ) 2 or v= 1 − 4M 2 χ /s = 0, the orbital angular momentum L is necessarily zero. With two identical Majorana fermions, the two-particle wave function must be antisymmetric under particle interchange. Since L = 0 at threshold, the χχ spatial wave function is even, and the wave function must be antisymmetrized in its spin. The antisymmetric spin wave function is the S = 0 state. Thus, the only contributing partial wave at threshold is the 1 S 0 state. We have just seen that this is also the only state with no v 2L suppression, so one may expect an unsuppressed Majorana annihilation rate at threshold if and only if there is a 1 S 0 partial wave.
One may also invoke CP invariance to note that the spin S of an initial and final pair of spin- Table (I). There is some subtlety associated with the s-channel exchange of an axial-vector. The axialvector is an L = 1 mode, and we have seen that this mode elicits a v 2 suppression in the rate. However, the exchange particle is off-shell (away form resonance) and so has a timelike pseudo-scalar piece in addition to the axial three-vector piece which carries its polarization. This pseudo-scalar coupling is effectively ∂ µ (Ψγ µ γ 5 Ψ). The weak interaction coupling of the pion to the axial vector current provides a familiar example of such a coupling. The axial current is not conserved, and so the pseudo-scalar coupling is nonzero. One has
The first term shows an m f -dependence in the amplitude, leading to (m f /M χ ) 2 helicity-suppression of the L = 0 piece, while the second term is the famous anomalous VVA coupling. It offers W + W − and ZZ production (with momenta k,k and helicities λ(k), λ(k)), but at higher order α W = g 2 V /4π
C-odd states (unavailable for Majorana pair)
Redundant C-even states unavailable for Majorana pair
Decomposition of fermion bilinear currents into s-channel partial waves. As we noted in the main text, the current piece γ 5 γ 0 has a helicity-suppressed s-wave. We further note here that from the relation γ 5 σ µν = i 2 ǫ µν αβ σ αβ , one sees that (i) the pseudo-tensor does not couple to Majorana fermions, and (ii) one has P (γ 5 σ µν ) = P (σ µ ν ), and C(γ 5 σ µν ) = −C(σ µ ν ).
in the electroweak W ff or Zff coupling g V .
It is illuminating to explain in this context the often seen remark that LSP-annihilation has a helicity-suppressed rate to fermions. This is true for SUSY extensions of the SM, but not true in general. For SUSY extensions of the SM, the annihilation graphs consist of t-channel scalar exchanges, and from crossing the identical Majorana fermions, also u-channel scalar exchanges; in B. Projecting onto s-channel partial waves using Fierz Transformations
For fermionic dark matter, the Fierz transformations effect the natural projection of 2 → 2 tand u-exchange processes into partial waves. The t and u channel matrix elements for annihilation, which are of the form (χ Γ A l)(l Γ B χ), are Fierzed into a sum of s-channel amplitudes of the "charge-retention" form (χ Γ 1 χ)(l Γ 2 l). The Fierzed s-channel amplitudes are readily categorized into partial wave amplitudes, and into fermion-pair spin states, by noting which Dirac operators Γ 1
and Γ 2 appear; in turn, the spin states and the partial waves which appear determine whether the amplitudes are mass/helicity suppressed, velocity suppressed, or un-suppressed. In the rest of this section we develop these remarks.
Fierz Transformations in the Chiral Basis
Helicity projection operators are essential in chiral gauge theories, so it is worth considering the reformulation of the usual Fierz transformations in the standard basis, to the chiral basis [32] . (A discussion of Fierz transformations in the standard basis may be found in most textbooks on field theory; details on the extension to the chiral basis presented here, are available in an appendix of [2].) We place hats above the generalized Dirac matrices constituting the chiral basis. The chiral basis is defined by the matrices
where
(1 − γ 5 ) are the usual helicity projectors. Notice that the dual of P R γ µ is P L γ µ , and the dual of P L γ µ is P R γ µ . The tensor matrices in this basis contain factors of 1 2 :Γ T = 1 2 σ µν andΓ T = 1 2 σ µν . These facts result from the orthogonality and normalization properties of the chiral basis and its dual. In the chiral basis, one finds a completeness relation
which effects a master formula: the outer product of any two 4 × 4 matrices X and Y can be expressed in terms of the Fierzed forms of the chiral basis matrices:
The parentheses symbols here are a convenient shorthand [33] for matrix indices, in an obvious way.
Relevant to 2 → 2 fermion scattering is the substitution X =Γ D and Y =Γ E into Eq. (2). One
and evaluating the trace in Eq. (3) leads to the following 2 → 2 Fierz transformation matrix in the chiral-basis: 
Non-explicit matrix elements in Eq. (4) are zero, and we have introduced a shorthandT for either
In Eq. (4) we have included one non-member of the basis set, namely γ 5T ; it is connected toT via the relation γ 5 σ µν = i 2 ǫ µναβ σ αβ . Explicit use of γ 5T in Eq. (4) is an efficient way to express the chiral Fierz transformation. The block-diagonal structures, delineated with horizontal and vertical lines, show that "mixing" occurs only within the subsets
The importance of the chiral transformation Eq. (4) for us is that it converts t-channel and u-channel exchange graphs into s-channel form, for which it is straightforward to evaluate the partial waves.
We note that Eq. (2) lends itself to a generalization of the Fierz transformation beyond the 2 → 2 case. One has only to let X and Y represent fermion lines with radiative emissions. Such a generalization, offering insight into the non-suppressed 2 → 3 amplitude [2] , is presented in the next section of this talk.
Majorana Dark Matter
Now I specialize the discussion of Fierz transformations to the case of Majorana dark matter.
A Majorana particle is invariant under charge conjugation C. Accordingly, the Majorana field creates and annihilates the same particle. This implies that for each t-channel diagram (shown in Fig. 1) , there is an accompanying u-channel diagram (shown in Fig. 2) 
where C is the charge conjugation matrix. These Majorana conditions on the spinors allow us to rewrite the exchange bilinear as (suppressing spin labels for brevity of notation)
For the final equality, we have used (i) the fact that the transpose symbol can be dropped from a number, and (ii) the identity
, where η B = +1 for Γ = scalar, pseudo-scalar, axial vector, and η B = −1 for Γ = vector or tensor. In the four-Fermi or heavy propagator limit, where the differing momenta in the t-and u-channel propagators can be ignored, one obtains an elegant simplification. Subtracting the u-channel amplitude from the t-channel amplitude, one arrives at the weighting factor (1 + η B ), which is two for S, P, and A couplings, and zero for V and T couplings. This means that V and T couplings in the Fierzed bilinears of the χ-current are identically zero in the four-Fermi limit. Including the differing t and u channel propagators, one gets a nonzero residual proportional to
, whereθ is the 2 → 2 scattering angle in the CoM. This residual is higher order in v, and so generally negligible. Thus, after Fierzing, only the axial vector coupling of the χ-current is significant, and the factor of 1 + η A = 2 multiplies the (7-8)-element (one-half) in the Fierz matrix of Eq. (4) to give a net weight of 1.
One sees from Eq. (4) that the bilinear current 2(
Since we s-channel bilinearΨ Γ D Ψ v = 0 limit (projects out pure s-wave) M = 0 limit (zeroes out helicity suppression) parallel spinors antiparallel spinors parallel spinors antiparallel spinors for a term with an initial-state DM bilinear and a final-state SM bilinear to remain unsuppressed, the DM bilinear must have a nonzero entry in the appropriate cell of the "v = 0 limit" columns, and the SM bilinear must have a non-zero term in the appropriate cell of the "M = 0 limit" columns. Otherwise, the term is suppressed. We recall that antiparallel spinors correspond to parallel particle spins (and antiparallel particle helicities for the M = 0 current), and vice versa. Amplitudes are shown for u
The two-fold ± ambiguities reflect the two-fold spin assignments for parallel spins, and separately, for antiparallel spins.
drop the vector current for Majorana particles, we are left with pure axial-vector couplings. Next we show how a pure axial-vector current in the s-wave amplitude implies a helicity-suppression.
C. Class of Models for which χχ → ℓℓ Annihilation is Suppressed
Consider products of s-channel bilinears in Fierz-transformed, charge-retention order (χ Γ 1 χ)(l Γ 2 ℓ).
To further address the question of which products of currents are suppressed and which are not, we set v 2 to zero in the χ-current, and m 2 ℓ to zero in the lepton current, and ask whether the product of these currents is suppressed. If the product of currents is non-zero in this limit, the corresponding amplitude is unsuppressed. In Table II One can read across rows of this table to discover that the only unsuppressed s-channel products of bilinears for the 2 → 2 process are those of the pseudo-scalar, vector, and tensor. (For com-pleteness, we also show results for the pseudo-tensor bilinears, although the pseudo-tensor is not independent of the tensor, as delineated below Eq. (4).) For Majorana DM, the vector and tensor bilinears are disallowed by charge-conjugation arguments and one is left with just the unsuppressed pseudo-scalar.
Let us now consider t-channel or u-channel processes. Any t-channel or u-channel diagram that Fierz's to an s-channel form containing a pseudo-scalar coupling will have an unsuppressed s-wave amplitude. From the matrix in Eq. (4), one deduces that such will be the case for any t-or u-channel current product on the left side which finds a contribution in the 1 st , 2 nd , 5 th , or 7 th columns of the right side. This constitutes the t-or u-channel tensor, same-chirality scalar, and opposite chirality vector products (rows 1 through 4, and 6 and 8 on the left). On the other hand, the t-or u-channel opposite chirality scalars or same-chirality vectors (rows 5, 7, 9, and 10 on the left) do not contain a pseudo-scalar coupling after Fierzing to s-channel form. Rather, it is the suppressed axial-vector and vector (the latter for Dirac fermions only) that appear.
Interestingly, a class of the most popular models for fermionic DM annihilation to charged leptons or to quarks falls into this latter, suppressed, category. It is precisely the opposite-chirality t-or u-channel scalar exchange that appears in these models, an explicit example of which will be discussed below. Thus it is rows 5 and 7 in Eq. (4) that categorize the common model we will analyze. After Fierzing to s-channel form, it is seen that the Dirac bilinears are opposite-chirality vectors (i.e., linear combinations of V or A). Dropping the vector term from the Majorana χ-current we see that the 2 → 2 process couples a C-even L = 1 axial vector χ-current to a relativistic SM fermion-current which is an equal mixture of A and V . Reference to Table ( II) reveals that the only component of the axial current which is non-vanishing in the s-wave (v = 0 limit) isχγ 5 γ 0 χ. However, there is no corresponding non-vanishing currentΨγ 5 γ 0 Ψ orΨγ 0 Ψ in the Table. Thus, the s-wave amplitude must be helicity suppressed. Table (II) also reveals that a coupling ofχγ 5 γ 0 χ toΨγ 5 γ j Ψ orΨγ j Ψ is helicity un-suppressed, but requires a spin flip from parallel spinors in the initial state to antiparallel spinors in the final state. Such a direct coupling would violate Lorentz invariance. To the rescue comes gauge boson emission, which alters the fermion-pair spin state by one unit of helicity, and couplesχγ 5 γ 0 χ toΨγ 5 γ j Ψ andΨγ j Ψ, as we shall see. An un-suppressed s-wave amplitude will be the result.
We now explain why this t-or u-channel scalar exchange with opposite fermion chiralities at the vertices is so common. It follows from a single popular assumption, namely that the dark matter is a gauge-singlet Majorana fermion. As a consequence of this assumption, annihilation to SM fermions, which are SU (2) doublets or singlets, requires either an s-channel singlet boson, or a t-or u-channel singlet or doublet scalar that couples to χ-f . In the first instance, there is no symmetry to forbid a new force between SM fermions, a disfavored possibility. In the second instance, unitarity fixes the second vertex as the hermitian adjoint of the first. Since the fermions of the SM are left-chiral doublets and right-chiral singlets, one gets chiral-opposites for the two vertices of the t-or u-channel.
Supersymmetry provides an analog of such a model. In this case the dark matter consists of Majorana neutralinos, which annihilate to SM fermions via the exchange of ("right"-and "left"-handed) SU (2)-doublet slepton and squark fields. In fact, the 1983 implementation of DM supersymmetric photinos provided the first explicit calculation of s-wave suppressed Majorana annihilation [8] .
However, the class of models described above is more general than just supersymmetric models.
We may illustrate our arguments with a minimal leptophilic interaction in which the DM consists of gauge-singlet Majorana fermions χ which annihilate to SM leptons via the SU (2)-doublet
Here g is a coupling constant, ε is the 2×2 antisymmetric matrix which projects the SU(2) singlet out from the addition of two doublets, and (η + , η 0 ) form the SU (2) doublet scalar which mediates the annihilation. As discussed above, the u-and t-channel amplitudes for DM annihilation to leptons, of the form (χP L ℓ) (lP R χ), become pure (χP L γ µ χ) (lP R γ µ ℓ) under the chiral Fierz transformation.
The product of the Majorana and fermion bilinears then leads to an AA term and an AV term.
However, reference to Table II shows that neither of these terms leads to an unsuppressed amplitude:
in all cases, either the lepton bilinear is suppressed by m ℓ in the s-wave or the DM bilinear by v in the p-wave. Thus, Majorana DM annihilation to a lepton pair is suppressed in this class of model.
III. LIFTING THE SUPPRESSION
Allowing the lepton bilinear to radiate a W or Z boson (as shown in Figs. (1) and (2)) does yield an unsuppressed amplitude. The inevitable question is "Why?" Physically, the un-suppression works because the gauge boson carries away a unit of angular momentum, allowing a fermion spinflip such that there is no longer a mismatch between the chirality of the leptons and their allowed two-particle spin state. But this is a glib answer, for we know that emission of a gauge boson in the four-Fermi limit (i.e. FSR but no IB) does not un-suppress the s-wave amplitude. A deeper answer is warranted.
A. Generalized Fierz Transformation
To address this question mathematically, we invoke the more general Fierz rearrangement applicable to 2 → 2 fermion + (N − 2) bosons processes. In the helicity basis, this generalized Fierz equation is given by Eq. (2). The analog equation in the standard (non-chiral) basis is [2]
where X and Y are any 4 × 4 matrices. From Table ( II) we see that setting Γ C to γ 5 γ 0 , the only structure available to a non-relativistic Majorana current other than the pseudo-scalar, and setting Γ B to either γ j or γ 5 γ j , provides an unsuppressed product of the Majorana DM bilinear and the charged lepton bilinear. Moreover, for the W/Z-bremsstrahlung process, we input the un-Fierzed couplings P L and q −2 P R / q P L / ǫ for X and Y , respectively, where ǫ is the gauge boson polarization vector. So a necessary condition for the radiative process to be un-suppressed is that
We note that the coupling of a γ 0 -current to a γ j -current is just the recipe suggested for s-wave un-suppression in the preceding section. The expansion of this trace as scalar products contains terms such as q 0 ǫ j and ( ǫ × q) j , which are nonzero and unsuppressed by fermion masses. Thus, the 2 → 3 process contains an unsuppressed s-wave amplitude. Not apparent in this argument is the need for IB. To establish that, we must calculate this unsuppressed amplitude directly, which we did [4].
B. The Full Calculation of s-wave W/Z-bremsstrahlung
To demonstrate the un-suppression of the s-wave amplitude, it is sufficient and convenient to take the limits m ℓ = 0 (hereby removing any option of helicity suppression) and v = 0 (projecting out just the s-wave). In our calculation, we invoke both limits, and for simplicity we set the mediator masses m η ± and m η 0 to be equal. In the limit of vanishing lepton masses, the Ward identity for EW bremsstrahlung takes the same form as for photon bremsstrahlung since the EW axial-vector current is conserved in this limit of massless fermions. Thus, defining the EW bremsstrahlung
, the Ward identity requires that Q µ M µ EW = 0. We have checked that this form of the Ward identity is separately satisfied for the diagram sets (a)+(c)+(e) and (b)+(d)+(f), thus demonstrating the independent gauge invariance of each subset.
Note that t- (Fig. 1) and u-channel (Fig. 2) 
for v = 10 −3 c, and fixed M χ = 300 GeV and µ = 1.2 GeV, respectively. The rate for χχ → e + νW − and → e + e − γ (right), for µ = 1.2 and unit χχη coupling; for large DM mass, the rates differ by a factor of 1/(2 sin 2 θ W ) = 2.17.
(e) and (f) explicitly demonstrate the IB.
There is a subtlety worthy of explanation. The IB graphs split the internal propagator into two propagators, reducing the amplitude by an "extra" power of M 2 χ /M 2 η . This suggests that the leading order contribution to EW bremsstrahlung comes from the four graphs (a)-(d), as would result in the four-Fermi limit of the scattering (wherein the internal propagator is "pinched" to a single spacetime point). Although this notion is alluring, it is wrong. As revealed in [24] and [4], the Ward identity for these four graphs leads to a vanishing bremsstrahlung amplitude. Thus, the IB graphs are essential, and the four-Fermi limit of the DM-SM fermion interaction fails to include W/Z or γ bremsstrahlung.
We also find that the longitudinal polarization of the W does not contribute to the s-wave amplitude, i.e. M µ EW ǫ L µ (Q) = 0 , in our limit of degenerate mediator masses (M η ± = M η 0 ) in the IB diagrams. Therefore, in this mass-degenerate limit the W boson behaves as a massive transverse photon with just two transverse polarization states, and our calculation of W bremsstrahlung must reduce to the known results for photon bremsstrahlung in the m W → 0 limit, modulo coupling constants. We have checked that this happens.
We find that the EW bremsstrahlung rate falls monotonically with increasing M η (or µ ≡ (M η /M χ ) 2 ). This monotonic fall is shown in Fig. 3 , where we plot the ratio of the W -strahlung rate to that of the lower order 2 → 2 process, R = v σ(χχ → e + νW − ) / v σ(χχ → e + e − ) .
The lowest order process itself falls as µ −2 , so the W -strahlung process falls as µ −4 . This latter dependence is expected for processes with two propagators each off-shell by 1/µ, thereby signaling leading order cancellations among FSR sub-diagrams (a)-(d) of Figs. (1) and (2). Importantly, the effectiveness of the W -strahlung processes in lifting suppression of the annihilation rate is evident in Fig. 3 . In the first panel we see that the although the ratio is maximized for µ close to 1 where M χ and M η are nearly degenerate, the W -strahlung process still dominates over the tree level annihilation even if a mild hierarchy between M χ and M η is assumed. The ratio exceeds 100 for µ 2, and exceeds unity for µ 6. The second panel reveals that the ratio R is insensitive to the DM mass, except for low M χ where the W mass significantly impacts phase space; one gleans that for M χ 3 m W , the ratio R is already near to its asymptotic value.
Presented in the right panel of the Fig. 3 is a comparison of the W -strahlung rate to that for photon bremsstrahlung. For high dark matter masses where the W mass is negligible, the two rates are identical except for the overall normalization, which is higher for W -strahlung by the factor 1/(2 sin 2 θ W ) = 2.17 . Another factor of two is gained for W -strahlung when the W + mode is added to the W − mode shown in the figure.
As remarked in the introduction, the correct dark matter energy fraction is obtained for earlyUniverse thermal decoupling with an annihilation cross section of 3 × 10 −26 cm 3 /s. It is seen in the right panel of Fig. 3 that the rate for the s-wave W -strahlung mode lies 2-3 orders of magnitude below this value. Hence, radiative W -strahlung with its natural suppression factor α W /4π is probably not the dominant annihilation mode responsible for early-Universe decoupling of Majorana dark matter.
A very interesting feature of W -bremsstrahlung emerges when the two intermediate scalars in the IB graph are not degenerate in mass. The authors of Ref. [26] found that with non-degenerate mediator masses, the longitudinal W L is in fact radiated. Moreover, depending on the size of the mass-squared splitting M 2 η ± − M 2 η 0 , the rate of longitudinal W L radiation may even exceed the radiation rate of the transverse W T .
IV. IMPORTANCE OF W/Z-BREMSSTRAHLUNG FOR COSMIC SIGNATURES
In Ref.
[3], we presented the spectra of stable annihilation products produced via γ/W /Zbremsstrahlung. After modifying the fluxes to account for propagation through the Galaxy, we set upper bounds on the annihilation cross section via a comparison with observational data. Fig. 4 collects our upper limits on the bremsstrahlung rate vσ Brem . Although µ = (M η /M χ ) 2 = 1.2 was chosen for display, our conclusions remain valid for any value of µ 6 where the bremsstrahlung processes dominate the 2 → 2 body processes.
While our analysis techniques are conservative, there are large astrophysical uncertainties in the propagation of charged particles through galactic magnetic fields, and in the DM density profile which probably contains substructure. Consequently, our constraints are illustrative of the upper limit on the cross section, but not robust. We assumed astrophysical propagation parameters [34] which are consistent with a 'median' antiproton flux [35] . However, by assuming alternate parameters, e.g. from the 'max' or 'min' antiproton flux scenarios, our results may be strengthened or weakened by up to an order of magnitude, as shown in Fig. 5 . We found that our conclusions hold in all cases considered except for the extreme choice of the "min" diffusion parameter set. For the "med" parameter set, the constraint from the antiproton ratio is stronger than that from the positron data by a factor of ∼ 5. Therefore, if the observed positron fraction were attributed to the bremsstrahlung process, then the same process would overproduce antiprotons by about a factor of five. Conversely, if the bremsstrahlung process saturates the allowed antiproton limit, then the same process produces positrons at a rate down from the observed value by about a factor of five. Thus, our stringent cosmic ray antiproton limits preclude a sizable DM contribution to observed cosmic ray positron fluxes in the class of models for which the W /Z-bremsstrahlung processes dominate.
It is important to note that the observed antiproton flux and ratio are well reproduced by standard astrophysical processes, leaving little room for a DM contribution [31] . So constraints from antiprotons are likely to be even stronger than presented here.
V. CONCLUSIONS
If DM is Majorana in nature, then its annihilation to SM fermions is suppressed due to helicity considerations. However, both electroweak and photon bremsstrahlung lift this suppression , thereby becoming the dominant channels for DM annihilation (EW exceeding EM if the DM mass exceeds ∼ 150 GeV, according to the third panel in Fig. 3) . In this talk, we have explored the 2 → 2 helicity suppression of the s-wave, and the 2 → 3 un-suppression of the s-wave in some detail.
Unsuppressed production and subsequent decay of the emitted W and Z gauge bosons will produce fluxes of hadrons, including antiprotons, in addition to electrons, positrons, neutrinos, and gamma rays. This may permit indirect detection of model DM for which the annihilation rate would otherwise be too suppressed to be of interest.
Importantly, we find that the observational data pertaining to the flux of antiprotons make it difficult for helicity-suppressed 2 → 2 leptophilic DM annihilation to be the source of the recently detected cosmic positron anomalies. The primary culprit is the hadronic decays of the EW gauge bosons, which leads to a significant antiproton flux.
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